, we study two graph modification problems where the goal is to obtain a graph whose vertices satisfy certain degree constraints. The Regular Contraction problem takes as input a graph G and two integers d and k, and the task is to decide whether G can be modified into a d-regular graph using at most k edge contractions. The Bounded Degree Contraction problem is defined similarly, but here the objective is to modify G into a graph with maximum degree at most d. We observe that both problems are fixed-parameter tractable when parameterized jointly by k and d. We show that when only k is chosen as the parameter, Regular Contraction becomes W[1]-hard, while Bounded Degree Contraction becomes W[2]-hard even when restricted to split graphs. We also prove both problems to be NP-complete for any fixed d ≥ 2. On the positive side, we show that the problem of deciding whether a graph can be modified into a cycle using at most k edge contractions, which is equivalent to Regular Contraction when d = 2, admits an O(k) vertex kernel. This complements recent results stating that the same holds when the target is a path, but that the problem admits no polynomial kernel when the target is a tree, unless NP ⊆ coNP/poly (Heggernes et al., IPEC 2011).
Introduction
Graph modification problems play an important role in algorithmic graph theory due to the fact that they naturally appear in numerous practical and theoretical settings. Typically, a graph modification problem takes as input a graph G and an integer k, and the task is to decide whether a graph with certain desirable structural properties can be obtained from G by applying at most k graph operations, such as vertex deletions, edge deletions, edge additions, or a combination of these. The problems Vertex Cover, Feedback Vertex Set, Minimum that fall into this framework. Graph modification problems have received a huge amount of interest in the literature for many decades, and due to the fact that the vast majority of such problems turn out to be NP-hard [11, 15] , the area has also been intensively studied from a parameterized complexity point of view.
Moser and Thilikos [14] studied the parameterized complexity of the problem of deciding, given a graph G and an integer k, whether there is a subset of at most k vertices in G whose deletion yields an r-regular graph, where r is a fixed constant. They showed that, for every value of r, this problem is fixed-parameter tractable when parameterized by k, and admits a kernel of size O(kr(k+r) 2 ). On the other hand, they showed that the problem becomes W[1]-hard for every fixed r ≥ 0 with respect to the dual parameter |V (G)| − k. Mathieson and Szeider [13] showed that the aforementioned positive result by Moser and Thilikos crucially depends on the fact that r is a fixed constant, as they proved the problem to be W[1]-hard when r is given as part of the input. This result by Mathieson and Szeider is a particular case of a much more general result in [13] on graph modification problems involving degree constraints. We refer to [13] for more details, and only mention here that the Classification Theorem in [13] shows that the behavior of the investigated graph modification problems heavily depends on the graph operations that are allowed.
Motivated by the results of Moser and Thilikos [14] and Mathieson and Szeider [13], we study the parameterized complexity of two graph modification problems involving degree constraints when edge contraction is the only allowed operation. The parameterized study of graph modification problems with respect to this operation has only recently been initiated, but has already proved to be very fruitful [7] [8] [9] [10] . In general, for every graph class H, the H-Contraction problem takes as input a graph G and an integer k, and asks whether there exists a graph H ∈ H such that G is k-contractible to H, i.e., such that H can be obtained from G by contracting at most k edges. A general result by Asano and Hirata [1] shows that this problem is NP-complete for many natural graph classes H. On the positive side, when parameterized by k, the problem is known to be fixed-parameter tractable when H is the class of paths or trees [9] , bipartite graphs [10, 12] , or planar graphs [7] . Interestingly, the problem admits a linear vertex kernel when H is the class of paths, but does not admit a polynomial kernel when H is the class of trees, unless NP ⊆ coNP/poly [9] .
Before we formally define the two problems studied in this paper and state our results, let us mention one more recent paper that formed a direct motivation for this paper. For any integer d ≥ 1, let H ≥d denote the class of graphs with minimum degree at least d. Golovach et al. [8] studied the Degree Contractibility problem, which takes as input a graph G and two integers d and k, and asks whether there exists a graph H ∈ H ≥d such that G is k-contractible to H. They proved that this problem is fixed-parameter tractable when parameterized jointly by d and k, but becomes W[1]-hard when only k is the parameter. They also showed that the problem is para-NP-complete when parameterized by d by proving the problem to be NP-complete for every fixed value of d ≥ 14. These results by Golovach et al. [8] raise the question what happens to the
